LOWER BOUND FOR THE GEOMETRIC TYPE FROM A 
GENERALIZED ESTIMATE IN THE 9-NEUMANN PROBLEM - A 
NEW APPROACH BY PEAK FUNCTIONS 



TRAN VU KHANH 

Abstract. We give a simple proof of the fact that an "/-estimate" for the 9-Neumami 
problem implies a lower bound on the geomatric type of the boundary along any complex 
one dimensional variety. The proof uses the existence of peak functions which is in turn 
a consequence of the /-estimate. 



1. Introduction 



In a series of seminal papers in the Annal of Mathematics |Cat83l[Cat87j . Catlin proved 
the equivalence of the finite type of a boundary (cf. [DA82j ) with the existence of a 
subelliptic estimate for the 9-Neumann problem by triangulating through the t^-Property 
(see below) 



(i) finite type m =^ t'^-Property with e = m~ 

(ii) t^-Property =^ e-subelliptic estimate; 

(iii) e-subelliptic estimate =^ finite type m for m < K 

Here, the t'^-Property of a boundary bQ is a case of a more general "/-Property" defined 
as follows. For a smooth monontonic increasing function / : [1 -|- oo) — )■ [l,-(-oo) with 
f{t) < t2, the /-Property at Zo consists in the existence of a neigborhood U of Zo, of 
constant Ci, C2 and of a family of functions {4>s} such that 

1) (ps are plurisubharmonic and on U and — 1 < 05 < 0; 

2) 9905 > Cif{6-yid and |D05| < 026^^ for any z e U n {z e Q : -S < r{z) < 0}, 
where r is a defining function of Q. 

Also, the finite type m is a case of a general "F-type" along a one-dimensional complex 
analytic variety Z consisting in the estimate 

\r{z)\ < F{\z - Zo\) zeZ,z^Zo. (1.1) 

The results in the step (ii) and (iii) have been generalized in |KZ10t IKZ12] . In particular, 

in |KZ10j it has been showed that the /-Property implies an /-estimate for any /, and 

/ 

in |KZ12I that an /-estimate with )■ 00 at 00 implies that the type along complex 
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analytic variety has a lower bound with the rate G with 



(1.2) 



where the superscript * denotes the inverse function. Combining the above results, one 
obtains 

Theorem 1.1 (Catlin |Cat88[ ICat87] : Khanh-Zampieri |KZin[ lKZT2] ). Let Vt he a pseu- 

doconvex domain in C" with C°° -smooth boundary and Zo be a point in the boundary bfl. 

f 

Assume that the f -Property holds at Zo for - — oo as t — t- oo and that bQ has type < F 

log 

along an one- dimensional complex analytic variety at Zo- Then, F > G. 

The purpose of this note is to give an immediate proof of Theorem 11.11 which has also 
the advantage of requiring a minimal smoothness of bQ and the expenses of a slightly 
stronger assumption about /. In fact, we prove the following 

Theorem 1.2. Let Q be a pseudoconvex domain of C" with -smooth boundary bQ 
and Zo be a point in the boundary bQ. Assume that Q has the f -Property at Zo with f 



G{d) = {g*{S ^)) . Then, if bQ has type < F along one- dimensional complex analytic 
variety Z, then F{6) > G{a6) for a suitable a and for any S small. 

First, we remark that the C°°-smoothness of the boundary in the results of Catlin 
and Khanh-Zampieri (Theorem 11.11) is required since they apply the regularity of the d- 
Neumann problem. In Theorem 1 1.2 1 the condition of smoothness is reduced because of the 
use of a plurisubharmonic peak function. However, in the construction of the family of the 
plurisubharmonic peak functions, we need a slightly stronger hypothesis in /, for example, 
if f{t) = logt ■ log'^(logf) with < e < 1, then / satisfies the hypothesis in Theorem 11.11 
but does not in Theorem 11.21 Finally, we notice the equivalence of the statements in the 
two theorems in case f{t) = log'' t for P > 1, or f(t) = for any < e < |. 



The proof of Theorem 11.21 follows immediately from Theorem 12.11 and Theorem 12.21 be- 
low. In |Khal3] . the author proves that there exists a family of plurisubharmonic functions 
with good estimates 

Theorem 2.1. Under the assumptions of Theorem \1.2l for a fixed constant < r/ < 1, 
there are a neighborhood V of Zo and positive constants Ci,C2,C3 such that the following 
holds. For any w & V HbQ there is a plurisuhharmonic function ip^j on V HQ verifying 




denote by {g{t)) 



this finite integral, and set 



2. Proof of Theorem 11.21 



(1) IMz) - Mz')\ < ci\z - z'\^ 
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(2) < -G^{c2\z-w\), 

(3) tpniz){z) > -C36bn{zy, 

for any z and z' m fl H (where dbn{z) and tt{z) denote the distance and projection of z 
to the boundary, respectively). 

Using the conclusion of Theorem 12 . 1 1 j ust for w = Zq, we get 

Theorem 2.2. Let Q be a C^-smoothly pseudoconvex domain in C" and z^ be a boundary 
point. Assume that there is a neighborhood V of Zo and a plurisuhharmonic function on 
V r\VL such that 

-Cilz-Zol" < ^(^) < -G"'(c2|^-2o|), zeVnVt, (2.1) 

for suitable Ci,C2 > and rj G (0,1]. In this situation, if bQ has type < F along a 
one- dimensional complex analytic variety Z, then F{6) > G{a6). 

In the case G{t) = t™, the result has been obtained by Fornaess and Sibony in |FS89j . 
Proof of Theorem Let be a domain in C" and assume that there is a function F 
and an 1-dimensional complex analytic variety Z passing through Zq such that (11. II) is 
satisfied for z E Z. Then, in any neighborhood U of Zo there are constants C3, C4 > and 
a family {Zs} of 1-dimensional complex manifolds Zs d U defined by /15 : A — )■ with 
hgiQ) = Zo such that 

6 = sup \hs{t) - Zo\ > \h's{0)\ > C36 (2.2) 

and 

snp\Sbn{hsm<C4Fi5), (2.3) 
teA 

where A denotes the unit disc in C. 



Let 1/ be the outward normal to bQ at Zo- From (12. 3p . we have hs{t) — C4F{6)iy E QCiU 
for any t G A. Applying the submean value inequality to the subharmonic function 
ip{hs{t) — C4F(5)z/) on A we get 

ijizo - c,F{5)v) <^ r ij{hs{e'') - c,F{5)u)de. (2.4) 
27r Jo 

Now, we use the first inequality in (12. ip for the left hand side term of (12. 4p 

-i;{zo - C4F{5)u) < ciclF\5f. 
For the right hand side term of (12.40 . we use the second inequality of (12.11) 

- c,F{5)u)dd >i- j^^ {c^ \hs{e'') - c,F{6)iy - z^]) d9. (2.5) 
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Using (12 ■2p and the Jensen inequahty for the increasing, convex function G"', we get 



<^ G\c2\hs{e'') - CF{6)v ~ z,\)de. 

Combining (El]), ([23]) and (jM]), we obtain 

F{5) > pG{a6). 

with f3 = (^c\^^C4^ and a = C2C3. The proof of Theorem (ll.2p is complete. 
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